Abstract. We give the following, equivalent, explicit expressions for the norms of the small and grand Lebesgue spaces, which depend only on the non-decreasing rearrangement (we assume here that the underlying measure space has measure 1):
(1 − ln t)
Introduction
The goal of this paper is mainly to investigate further the properties of the small and grand Lebesgue spaces, using the interpolation-extrapolation theory. We also introduce some generalizations and analogs of these spaces, such as generalized small (grand) Lorentz spaces of functions or sequences, or compact operators. The grand Lebesgue spaces were introduced by Iwaniec and Sbordone ( [21] ) and they found many application in analysis, see [3, 13, 14, 16, 20, 21, 29, 30] . The small Lebesgue spaces were introduced by A. Fiorenza ([10] )
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A. Fiorenza and G. E. Karadzhov as associate to grand spaces. They have applications to some boundary value problems, see [12] , [28] . The small Lebesgue space ( [10] ) L (p consists of all measurable functions g on a finite measure space (Ω, µ) which can be represented in the form g = ∞ k=1 g k (convergence a.e.) and such that the following norm is finite:
where g p stands for the normalised norm in L p space:
|Ω| Ω |g(x)| p dx 1 p and 1 < p < ∞, We give the following characterisation of these spaces (if µ(Ω) = 1):
Analogous results are proved for the generalized spaces.
Background from extrapolation-interpolation theory
Our investigation is based on extrapolation-interpolation of quasi-Banach spaces.
Here we recall some definitions and results from this theory. Let A = (A 0 , A 1 ) be (a compatible) pair of quasi-Banach spaces, i.e. we suppose that A 0 and A 1 are quasi-Banach spaces continuously embedded in some quasi-Banach space Σ A . For 0 < θ < 1, 0 < p ≤ ∞, we let A θ,p denote the real interpolation spaces of Lions and Peetre (see [2] , [4] ), provided with the K-method norm
where w * (u) = ∞ 0 min(1, t/u)w(t)dt/t.
The following remark will be useful in the sequel.
Remark 2.1.
If A 1 ⊂ A 0 , the quasi-norm of the embedding being 1, then
with the quasi-norm of the embedding being 1, then K(t, f ; A 0 , A 1 ) = t f A 1 for 0 < t < 1, and so now
Let M (θ) be a positive continuous function on the interval Θ = (θ 0 , θ 1 ), such that
is bounded. We define "one sided" Σ (p) spaces ( [22] ):
Remark 2.2. We are using the notation of summation over uncountable sets.
In this paper this should be understood as follows. Suppose that
Remark 2.3. In the same fashion the (p) construction can be applied to other compatible scales {A θ } θ∈Θ of quasi-Banach spaces, where by "compatible" we mean scales such that there exists a constant c > 0 such that for all θ ∈ Θ we have f Σ A ≤ c f A θ .
Remark 2.4. When dealing with Banach pairs we can replace sums by integrals in the definition of the Σ (p)− spaces. This corresponds to the familiar equivalence between the so called "continuous" and "discrete" definitions of the J and K methods of interpolation. For future reference we discuss in more detail a special case of this equivalence. Suppose that A = (A 0 , A 1 ) is a Banach pair and moreover suppose that for some small positive ε we have
is a positive, continuous function such that for some c 1 , c 2 > 0,
The proof is analogous to the usual proof of the discretization of the J−method (see [2] ).
In [22] the following characterization of the Σ (p)− spaces in terms of J spaces (see [18] for the case p = 1) is given. Now we recall the construction of the ∆ (p) methods of extrapolation (see [18] , [22] ). Let 0 < p ≤ ∞, 0 ≤ θ 0 < θ 1 ≤ 1, Θ = (θ 0 , θ 1 ), and suppose that
where N (θ) is positive and continuous on the interval Θ. Then we let
Remark 2.6. We can apply the ∆ (p) construction to any scale {A θ } θ∈Θ of compatible quasi-Banach spaces, i.e., such that there exist quasi-Banach spaces ∆ A and Σ A such that ∆ A ⊂ A θ ⊂ Σ A , and the quasi-norms of the embeddings are uniformly bounded with respect to θ ∈ Θ. In this fashion it follows that
Using Fubini and the definition of the K−method of interpolation, it is readily seen that
where the weight function W is defined by the formula
Small Lebesgue spaces
We start with the basic definition given in [10] , Proposition 2.4. The space L (p consists of all measurable functions g on a finite measure space Ω which can be represented in the form g = ∞ k=1 g k (convergence a.e.) and such that the following norm is finite:
where g p stands for the normalised norm in L p space and 1 < p < ∞,
Our goal is to characterise these spaces as Σ−extrapolation and interpolation spaces. First we prove Lemma 3.1. It holds
Here L p,r , 0 < p < ∞, 0 < r ≤ ∞ are the usual Lorentz spaces with the quasi-norm
Proof. Since ε
p , what means that the quotient of the two positive quantities is bounded from below and from above, uniformly w.r.t. ε, and since (p − ε) = p + γε for some γ ≈ 1, we see that the norm (7) is equivalent to
Further, using the fact that g p ≤ g r if p < r, we can replace the infimum over 0 < ε < p − 1 by the infimum over 0 < ε < ε 0 for any 0 < ε 0 < p − 1. Indeed, we have
, where qε 0 = p − 1, hence q > 1. Therefore, the above quantity is smaller than
and the assertion is proven. Thus we have the following equivalent norm:
Here we can take ε 0 small enough (smaller than p − 1 and 1).
Further, in the above definition we can replace the Lebesgue space L p+ε by the Lorentz space L p+ε,p . Namely, since ε > 0 we have (uniformly w.
and using Hölder inequality we see that
Thus the lemma is proved.
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Now we can state the main result in this section.
where w * is given by w
Proof. We split the proof into several steps.
Step 1. Analogously to L (p we define the space S p by the norm
We have
To prove this we need the formula
Indeed, by the Holmsted formula ( [2] ):
Hence the definition of the K method (using Fubini and calculating an integral) gives (14) . Applying this formula, we get
for some γ ≈ 1. According to formula (1)
and according to (2) 
Using (8), (15), (16) and the definition (12), we conclude that
On the other hand, analogously to (12) of [22] ,
Hence, using also (15), we can choose an appropriate decomposition,
2 and using the definition of S p we see that g j ∈ S p , hence g ∈ S p . Thus (13) is proved.
Step 2. Here we prove
It is not hard to see that
To prove (19), we remark that for some ε k (depending in general on g k ) we have
Then g = u ν , where u ν = u νk . We have
Formula (19) is proved.
Step 3. Here we complete the proof of Theorem 3.2. First, from the definitions it follows
The reverse embedding follows from (13), (19) and Theorem 2.5.
666
As a corollary from Theorem 3.2 and (2), taking into account that (L p ) c = L p , we get the following characterization of the small Lebesgue spaces (for simplicity we suppose that µ(Ω) = 1).
and
Moreover, f L (p is equivalent to the following norm:
where f * * (t) =
Remark 3.4. The result of Theorem 3.2 can be written in the form
Indeed,
According to [22, Theorem 2.10] this equals
which is according to [22, Theorem 2.13] equal to
Remark 3.5. We can show, by using a direct argument,
we have
Remark 3.6. We can define L (1 using the result of Theorem 3.2:
Grand Lebesgue spaces
The grand Lebesgue space ( [21] ) L p) , 1 < p < ∞ is defined with the norm
Analogously to Lemma 3.1 we have Lemma 4.1. If the measure of Ω is finite, then
Hence the grand Lebesgue space is a ∆ extrapolation space ( [22] ):
where ε > 0 is small enough. Note that this formula defines the grand Lebesgue space for all 0 < p < ∞ and for any σ−finite measure space (Ω, µ).
We can characterise the grand Lebesgue space as an interpolation space.
Theorem 4.2. Let 0 < p < ∞ and choose any q, 0 < q < p. Then
Moreover, if µ(Ω) = 1, then
Finally, for
Proof. We need the formula
uniformly on θ. Indeed, we write 
Then straightforward calculation shows that
Thus formula (32) follows. Now we can continue the formula (28) as follows
and according to Theorem 3.3 of [22] this is the same as
Hence
and (29) follows using also (5).
To prove (30), we use the Holmstedt formula ([2]):
It suffices to see that
The second inequality follows from the monotonicity of f * , while the first one can be proved as follows. Let b(t) := (1 − ln t)
which completes the proof. 
where L p,r (log L) a , 0 < p < ∞, 0 < r ≤ ∞, −∞ < a < ∞ are Lorentz logarithmic spaces with the quasinorm
Proof. The first three embeddings follow using the equivalent quasinorm (30) . To prove the fourth one, we use (28) and obtain
as desired. 
. In [15] there is an example of a function
Abstract small and grand spaces
The result of Theorem 3.2 suggests the following Definition 5.1. Let A = (A 0 , A 1 ) be a compatible pair of Banach spaces. By definition, abstract small spaces are the Σ-extrapolation spaces
where M is tempered on the interval (0, ε), 0 < ε ≤ 1 such that 1/M is bounded. By definition (see [18] ), M is tempered on the interval (0, ε), if it is continuous and
We can characterize the abstract small spaces as interpolation spaces.
and w is given by (3) . (Here we suppose that w * is sufficiently regular, say, has continuous first derivative and locally integrable second derivative.)
Proof. Using Theorem 2.10 of [22] and Theorem 2.5, we obtain
Now we introduce the abstract grand spaces. We have the following characterization of the abstract grand spaces as interpolation spaces.
where
Proof. Using Theorem 3.3 of [22] and (5), we obtain 
Duality
We start with the duality of abstract small and grand spaces. First, Proposition 3.1 of [22] gives Theorem 6.1. Let A = (A 0 , A 1 ) be a pair of Banach spaces such that the intersection A 0 ∩ A 1 is dense in A j , j = 0, 1 and let A = (A 0 , A 1 ) be the dual pair .Then
Proof. We argue as in the proof of Proposition 3.1 of [22] and use [4] {
where h(t) = .
As an application we can give another proof of the following theorem about duality of small and grand Lebesgue spaces.
Theorem 6.3 ([10]). We have
Proof. We want to apply the above abstract duality results. Let 1 < q < p < ∞ be fixed. Then we can write
.
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Hence, by Remark 3.4,
Using Theorem 2.10 of [22] and (2) we get
and using Remark 2.4, we can write
Now the first part of the theorem follows from (33) and (45), applying Theorem 6.1. To prove the second part, we apply Theorem 6.2. [26] ) is defined with the quasi-norm
Note two particular cases. If b = 1, then we obtain the Lorentz space L q,r ; if b(t) = (1 + | ln t|) a then we obtain the logarithmic Lorentz space L r,q (log L) a .
Definition 7.1. By definition, the generalized grand Lorentz space L p),r b , 0 < p, r < ∞, is the extrapolation space
where N is tempered on the interval (0, ε) and
Remark 7.2. The function b, defined by (47), is slowly varying on the interval (0, 1).
Proof. Note that the function b is increasing. On the other hand,
. Let α > 0 be arbitrary and choose an integer k so that 2
, where, by definition, c ε,α (t) := sup 0<σ<ε2 −k N (σ)t σ−α and this function is decreasing.
In the particular case r = p we have the definition of the generalized grand
Spaces of this type (namely, the case N (σ) = σ θ , θ > 0) have been considered in [16] .
Analogously to Theorem 4.2, we have the following characterization of the generalized grand Lorentz spaces. Theorem 7.3. Let N be tempered and let b be defined by (47). Then
The proof is analogous to that given for the case of the grand Lebesgue spaces, but now we use the formula
uniformly on θ. Thus we obtain (using Theorem 3.3 of [22] and (5))
where w(t) = t −1 b(t). In order to simplify this formula, we use the Holmstedt formula ( [2] )
. Since b is slowly varying we see as in the proof of Theorem 4.2 that (49) is valid.
Analogously to Remark 4.3 we can prove the following embeddings.
7.2. Generalized grand Lorentz sequence spaces. Let b(n), n ≥ 1 be a sequence of positive numbers. We say that b is slowly varying (in the sense of Karamata) if for all > 0 the sequence n b(n) is equivalent to non-decreasing and the sequence n − b(n) is equivalent to non-increasing. Let 0 < q, r ≤ ∞. Then the Lorentz-Karamata space of sequences l q,r b is defined with the following quasi-norm:
The results and proofs here are similar to those in the previous subsection. The generalized grand Lorentz spaces of sequences l
where N is tempered and
We can characterise l p),r b
as an interpolation space.
Grand and Small Lebesgue Spaces 675 Theorem 7.5. Let N be tempered and let b be defined by (54). Then
Moreover,
Proof. The procedure is similar to that used in the previous subsection. We need the formula
in the sense of equivalent quasi-norms, the equivalence constants being uniform with respect to θ. To see this, we write
and use the Holmstedt formula
. Then routine computations show that . The spaces S p , 0 < p ≤ ∞ have the quasi-norm T S p := {a n (T )} l p .
We define the grand spaces of compact operators S Analogously to Theorem 3.2, we have the following characterization of the generalized small Lorentz spaces.
Theorem 8.2. Let M be tempered and let w be defined by (3) and (39). Then 
Moreover, if µ(Ω) = 1, then the above integral can be taken only over the interval (0, 1).
